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PLASTIC TORSION OF A RECTANGULAR BAR WITH
JUMP NON-HOMOGENEITY

J, RYCHLEWSKI

Institute of Fundamental Technical Problems, Warsaw, Poland

Abstract-The problems of plastic jump non-homogeneity, i.e. the problems concerned with a jump-like
change of the yield limit, were considered in previous papers by the author. In the present work, a rectangular
bar composed of two materials with different yield limits and subjected to torsion is considered. It turns out
that even for such a simple problem nine different solutions exist depending on the values of three parameters
characterizing non-homogeneity, form, and partition of the cross-section.

THE problem of purely plastic torsion of homogeneous bars has been well explored
(cf. for instance, [1 D. Reference [2] contains an analysis of torsion of non-homogeneous
bars with continuous distribution of the yield limit.

In applications we have often to do with bars composed of several different materials.
The problem of limit load of such bars reduces to the necessity of considering the case
where the yield limit undergoes a jump change on certain lines. Such a non-homogeneity
has been called in [3] a jump non-homogeneity.

Reference [4] contains a general analysis of the problem of plastic torsion for a
jump non-homogeneity, the properties of the stress field in the neighbourhood of a
contact line, an analysis of the form of solution in the neighbourhood of the intersection
of the contact line and the edge (local solution), a discussion of Nadai's analogies and
a solution example for a circular bar. Homogeneous bars of multiply connected cross
section constitute a particular case of the class of bar studied in [4].

Let us consider here the bar with cross-section as shown in Fig. 1. The rectangle
2a x 2b is divided by the contact line L normal to the edge 2b into two regions G_, G+,

whose widths are c and 2b - c, respectively. The materials in the regions G_, G+ have
constant but different yield limits K _, K +, K + > K _. The strength of the joint is
characterized by a third number K o equal to the maximum shear stress that can be
transferred across the contact surface.

It will be assumed that the adhesion is perfect, that is

which excludes the quantity K o from further considerations (cf. [3,4]).
The problem is characterized by three independent parameters, for instance

(1)

ao~ b ~ 00,
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They may be called parameters of non-homogeneity, form and partition, respectively.
The components of the vector of shear stress

.... .... ....
't = 'tx)x+'tyzly

must satisfy the equilibrium equation

'txz,x + 'tyz,y = 0,

the yield condition
in G_,

(3)

(4)

(5)

and the boundary condition 'ttz = 0 at the contour.
The continuity condition of the normal component

---+- ---+- -+ --+
't + • n = L' n (6)

must be satisfied on the contact line L, where r; is the unit vector normal to L. On the
contact line we have therefore a discontinuity of stress. The vector of shear stress under
goes a rotation.

On introducing the stress function by means of the classical equations

-F,x' (7)

we satisfy (4) identically. From the condition (5) we have

in G_,
(8)

The problem of finding the stresses satisfying (4), (5) is therefore equivalent to the con
struction of a continuous surface F(x, y) with constant slope, different in G_ and G+.

It should be stressed that neither of the two problems has a unique solution. From the
set of solutions we must select that which is in agreement with the kinematic conditions.
If these are not considered the correct solution is, according to the extremum theorems
of plasticity, that corresponding to the highest value of the limiting twisting moment,

1\1 = 2 rr F dx dy.
G'... +G+

(9)

Let us proceed to obtain the local solution in The neighbourhood of point A, the set
of coordinates assumed being that of Fig. 2.
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In the neighbourhood of the edge AN of the weaker material (region I) the solution
of the equation (4), (5) has the form

I - 0'yz = . (10)

The continuity condition (6) must be satisfied at the contact line L, that is ';z = ':z.
Therefore the solution in the stronger material has in the neighbourhood of L (region II),
the form

T~z = K+ cos 1(.,
II K .Tyz = + SIn 1(.. (11)

The vector 1 11 (whose modulus is K +) is rotated in relation to t I (whose modulus is
K_) through the angle

K_
I(. = arc cos K'

+

In the neighbourhood of the edge of the stronger material (region III) the solution has
the form

.,.II1 = 0"'yz - . (12)

Starting from the intersection point of the contact line L with the edge of the cross
section a discontinuity line I penetrates into the stronger region. Its form can be obtained
from the condition tIll. 'it = ,II. 'it. We have

I: y = - cot %/2· x.

Figure 2 shows the slip lines which are orthogonal at every point to 1 and a trajectory
of the vector t. The surface F(x, y) is composed, in the neighbourhood of A, of three
plane sheets.

Depending on the properties of the parameters A, alb, c/b, the problem of limit load
of the bar has nine different solutions.
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Solution 1, Figure 3*

From the corner N a discontinuity line II propagates thus dividing the weaker zone
into the regions I, II in which the slip-lines are normal to N A and N S, respectively.
In view of the maximum condition of the limit moment it is assumed that there are no
other discontinuity lines in the weaker region and that II intersects the contact line at
a point AID' In the neighbourhood of A the image is that of Fig. 2. The discontinuity
line 12 is inclined to L at an angle 'X/2. In region III the slip lines are parallel and inclined
at an angle x to L. On the sector AIOB of the line L the vector r- is parallel to L, there
fore 1+ is also parallel (cf. Fig. 3) therefore the slip lines in the region IV are normal
to A lOB. A discontinuity line 13 passes through A 10' bisecting the angle between the slip
lines of the regions III and IV. The slip lines 12 , 13 have an intersection point A23 . Since
in the region V the slip lines are normal to the edge AM and in the region IV they are
normal to A lOB, a discontinuity line 14 therefore passes through An at an angle n/4
to these lines. It intersects the symmetry axis at A4s ' The discontinuity lines 15' 16 require
no comment.

a) b)

B

).2=J(1+s;n 3t' + COS de)

c

FIG. 3.

The characteristic dimensions and angles can easily be determined on the basis of
this analysis. They are given in Fig. 3(b).

The stress surface F is composed of plane sheetst different in each region. The dis
continuity lines Ii (i = 1, ... 6) are segments of projections of straight lines constituting
the intersections of the sheets of F. Sufficient information on the surface F is furnished
by the ordinates of the points AID' A23 , A4Sl

FlO K+c cos 'X, F23 = !K+c(1 +sin x +cos 'X), F4s = K+a, (13)

and the F = const. lines (Fig. 3(b», that is the trajectories of shear stress. The function
F reaches its maximum constant value on the discontinuity line 15' The limit moment
can be found from (9).

* All the figures are drawn for A= K_IK+ = 0,5,;c 60°.

t In the problem considered we shall be concerned only with regions of parallel slip lines (plane sheets
of F); therefore this will no longer be mentioned.
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If c is small in relation to a, b, the set of discontinuity lines 11 , 12 , 13 is comprised in
a small neighbourhood of the corner N and disturbs in an insignificant manner the well
known solution for the homogeneous body.

The solution obtained is valid if the point A23 lies above the symmetry axis and the
point A 4s is to the left of the point A 6s • By finding the appropriate distance in Fig. 3(b)
we obtain the inequalities*

ale
1----(I+cos-.J)- >- 0b 2 r. b::"- .

(14)

On a Ie = const. plane in the Crspace of the parameters (2) this corresponds to the
region 1 between the axis alb and the straight lines ~lb ~16' Fig. 12, intersecting at the
point A 1 , of which the coordinates are

a' 1+ sin x + cos x

b 2+sinx

c 2
b 2+sinx'

(15)

Solution 2, Figure 4

With the increasing parameter clb, for fixed alb and Ie, the conditions (14) may no
longer be satisfied. Let us consider first the case where the condition (j 12 ~ 0 is not
satisfied. Then, the slip lines 12 , 13 will cross the symmetry axis at the points A2S' A3s

before they meet at A23 • We obtain a modification of the previous solution, Fig. 4(a).
Instead of the discontinuity line 14 we have a new discontinuity line 17 , The characteristic
distances and angles are shown in Fig. 4(b). The ordinates of the stress surface F aret

cosx .
F3s = K+ . (a-c sm x),

I-smx
(16)

Solution 2 takes place if the distance between the points A2s , A6s is greater than zero,
the point A10 lies above the symmetry axis and the distance between the points A3s , A2s

is greater than zero. By calculating, on the basis of Fig. 4, the quantities required, we
a) b)

25
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FIG. 4.

* The quantities 15," are selected so that a change of sign of b," corresponds to a passage from the vth to
the J.lth solution. In general 15," # 15",.

t We shall quote a few values only. The values of F., are the same for all the solutions in which the pointA., is involved.
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obtain the following inequalities

J. RYCHLEWSKf

(17)

2 1+ sin 'r. + cos 'r. ~ _ ~ ~ O.
1+cos 'r. b b

In a A = const. plane this corresponds to the region 2 between the straight lines
t1 12 , t1 23 , t1 28 , Fig. 12. The straight lines t1 12, t1 28 intersect, as is easily seen, at points
AI' coordinates are (15).

Solution 3, Figure 5

If, in the preceding solution, the width of the weaker zone has the value c = a, the
point AlO lies on the symmetry axis S-S. The zone IV vanishes. For greater values of c
the solution is shown in Fig. 5(a), (b). This is the simple solution. From Fig. 5(a) it follows
directly that for sufficiently small values of the parameter alb this solution is valid for
any), and in a broad range of values of clb.

a)

FIG. 5.

The validity region of Solution 3 is expressed by the inequalities

~-~::;:;: 0b b ~ ,

2 _ 1+ sin 'r. + cos 'r. ':l c 0
1+coS'r. b b ~ .

(18)

The corresponding straight lines t1 23, t1 34 in a A = const. plane have an intersection
point A2 whose coordinates are

a
-
b

c 1+cos 'r.
1+ sin 'r. + cos 'r. .

(19)



Plastic torsion of a rectangular bar with jump non-homogeneity 249

Solution 4, Figure 6

With increasing parameter c/b the discontinuity lines 12 , 16 may intersect at the point
A 26 above the symmetry axis. The point A 26 is the origin of new discontinuity line 19,
halving the angle between the slip lines of regions III and VI.

a) b)
C1 S2

T
i
I

~I
\

~

t /8

s2- 2b- c-s,

F is = F B = K+acosx,

FIG. 6.

The values of the stress function F at the characteristic points are

_ K acosy.+(2b-c)siny.
F gs - + . ,

l+s1Ox
(20)

2

The greatest value of the function F (the top of the surface F) is Fgs. The validity range
of the solution is expressed by the inequalities

1+ sin x + cos x a c
---,----- - -- ~ 0,

1+cos x b b

a c---,,::: °b b "" , (21)

<545 ~ 0, (2 -~) -~ cos x ~ 0,

to which correspond the straight lines [\34, [\48' [\45' Fig. 12.

Solution 5, Figure 7

Further increase of the width of the weaker zone leads to the case where the dis
continuity line 19 intersects the contact line at a point Ago above the symmetry axis. From
the point AgO originates a new discontinuity line 110 in the weaker zone bounding a new
region VII in which the slip lines are normal to the contact line L.

The values of the function F at the characteristic points are

F lOs = K+Qcosx. (22)
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(23)

The maximum constant value is reached by the function F on the discontinuity line 18 ,

The validity range of Solution 5 is determined by the inequalities

1554 ;;: 0, (2 ;-~) -~ cos x < 0,

15 59 ;;: 0, ~-~)- (2~-~) cosx ;;: 0.

(24)
2

1+cos x'b

ca
b

The corresponding lines ~45' ~59 in Fig. 12 intersect at the point A3 whose coordinates
are

a)
c

FIG. 8.
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With increasing parameter clb the inequality (23) still holding, the discontinuity
lines lz, 16 , 19 and the corresponding zones III, V become localized in a decreasing neigh
bourhood of the corner M. For c = 2b we obtain the solution for a homogeneous bar
made of the weaker material.

Solution 8, Figure 8

Analysis of the Solutions 2,4 leads to the conclusion that there exists a narrow range
of parameters, for which the discontinuity line 13 crosses the symmetry axis and, at the
same time, the discontinuity lines lz, 16 cross themselves above the symmetry axis. The
solution is shown in Fig. 8. The stress function takes at the characteristic points the
previous values. The summit of F lies above A 9s ' The validity range of Solution 8 is
expressed by the inequalities

2 _ 1+ sin x + cos x ~ _ ~ :5:: 0
1+cos x b b ~ ,

(25)
a c
b-b ~ 0,

( c) cos x a c .
2-- . -2-+-(1+slll x) ~ o.

. b 1+Sill X b b

The corresponding region in Fig. 12 is bounded by the segments ~Z8' ~48' ~87' con
stituting a triangle with its corners at At, A z, A3 .

Solutions 6, 7, 9, Figures 9, 10, 11

It can be easily observed that the above solutions have been obtained by assuming
that the ratio alb is sufficiently small. For greater alb we easily obtain, from the Solutions
1, 8, 5, the Solutions 6, 7, 9 shown on the respective Figs. 9, 10, 11. The characteristic

FIG. 9.
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FIG. 10. FIG. II.

(26)

angles and dimensions and the form of the trajectories of shear stress can easily be fixed
on the basis of the previous figures. The values of the stress functions at the new points
A 46 (Solution 6), A 93 (Solution 7), A 1.10 (Solution 9) are the maximum values of the
corresponding solutions,

F46 = F93 = Fl.Io = K+[b-~(1-COSY-~.

The validity ranges are described by the following inequalities

c 2
-~ ~
b 2+ sin y-

(27)

for Solution 6
c 2
- >: ---
b '? 2 + sin y- '

( C) cos y- a C . (28)15 78 ~ 0, 2-1; . -21;+1;(1 +sm y-) <:;; 0,
1+sm Y-

C 2
15 79 ~ 0, -&

b "" 1+ cos Y-
,

for Solution 7 and

C 2
15 97 ~ 0, ->:b '? 1+ cos Y-

,

( C) (a c) (29)15 95 ~ 0, 2-1; - 21;-1; cos x <:;; 0.

for Solution 9.
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This ends the analysis of the example. The limit twisting moment for each particular
solution is determined from equation (9) and the ordinates of the surface F, which requires
elementary but tedious computation.

We should stress the special role of the solutions corresponding to the points AI>
A2, A3 in a Je = const. plane whose coordinates are determined by (15), (19), (24). They
have two interesting properties:

(1) From the solutions ':\1> A2 , A3 shown in Fig. 13 all the nine solutions can be
obtained by insignificant changes of the parameters alb, c/b.

(2) The subdivision of a Je = const. plane into regions of applicability of each solution
is determined in a unique manner by giving the points At(Je), A 3(Je). By connecting the
point AI with the points {O, O}, {I, O}, {oo, I}, A3, {O, 2} we obtain the segments ':\t2' ':\t6'

':\67' ':\78' ':\28 and the location of the point A2 .

The influence of the value Je on the configuration of the zones 1, ... 9 in a A. = const.
plane reduces therefore to a displacement of the points At, A3 . If J. = K -IK + increases
from °to 1 the point At moves on the curve, whose parametric equations are (15) (dashed
curve in Fig. 12) from the position a,~} to {I, I}, and the point A3 moves along the
straight line a = c from {2,2} to {l, I}.
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(30)

we only have the solutions 1,2,3,4,5,

we only have the solutions 6, 7, 9.for

for

The latter circumstance simplifies considerably the use of the results obtained in
practical problems. Knowing the ratio of the yield limits of the materials we obtain the
location of the points AI' A3, draw the straight lines fl vll , determine for given values of the
parameters alb, clb the number of the solution and compute from F the limit moment.

Let us observe that the occurrence of the simplest solutions, of the type AI' A2 , A3 is
generally characteristic for problems of jump non-homogeneity (cf. for instance [5]).

We can draw a number of conclusions on the classification of bars of the class just
studied. Let us indicate only that

a 2
- < -
b 3
a
->2
b

The above complete solution of the problem of Fig. 1 enables us to analyse other
problems of rectangular bars with jump non-homogeneity. As an example Fig. 14 shows,
on the basis of the Solution 5, the form of the discontinuity lines for a bar reinforced by
two symmetric inserts whose width is c ~ a.

The solution for a bar divided into n parts by rectangles, whose bisector lines of the
apex angles coincide, Fig. 15, is trivial. The limit moment is

_ 4 ~ 2 2
M - "3 V~I K v[a v (3b v -a,.}-av _l(3b,'_1 -av - tH

2b,_1

1',- //
K~

4 " Ky-1 /» <1
"L -

/
"-

FIG. 14. FIG. 15.
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Plastic jump non-homogeneity leads to essential changes in the configuration of the
slip lines and even simplest problems like that discussed above undergo surprising
complications. The same can be said of the problem of plane plastic strain of bodies
with jump non-homogeneity, [5,6].

REFERENCES

[I] W. PRAGER and P. G. HODGE, Theory of Perfectly Plastic Solids. John Wiley. New York. London (1951).
[2] A. I. KUZNETSOV, Arch. Mech. Stos. 10,447-462 (1958).
[3] J. RVCHLEWSKI. Bull. Acad. pol. Sci. SCI'. Sci. techno 12, 7 (1964).
[4] J. RVCHLEWSKI, Acta Mechanica. I, I (1965). In press.
[5] J. RVCHLEWSKI, J. Mechanique. 3, 461 (1964).
[6] J. RVCHLEWSKI, J. Nonlinear Mech. I, 1 (1965). In press.

(Received 17 August 1964)

Zusammenfassung-Die Probleme der sprung.artigen, plastischen Nichthomogenitiit, d.h. die Probleme, die
im Zusammenhang mit einer sprungartigen Anderung der Fliessgrenze auftreten, wurden vom Verfasser in
vorhergehenden Beitragen behandelt. In der vorliegenden Arbeit wird eine rechteckige Stange untersucht,
welche aus zwei Stoffen mit verschiedenen Fliessgrenzen besteht, und welche unter Torsion steht. Es stellt
sich heraus, dass selbst im Faile eines derartigen einfachen Problems neun verschiedene Liisungen bestehen.
Diese hiingen von den Werten der drei die Nichthomogenitiit kennzeichnenden Parameter, von der Form
und von der Querschnittsteilung abo

A6CTpaKT-BonpoCbI rrJIaCTH'IecKOH pa3pblBHoil: HeO.l:\HOp0.l:\HOCTH, T.e. BorrpOCbl nJIaCTH'IHOCTH TeJI C
pa3pblBHbiM pacnpe.l:\eJIeHHeM rrpe.l:\eJIa TeKy'lecTH, paCCMaTpHBaJIHCb B rrpe.l:\bl,llylI.\HX pa60Tax aBTopa.
B HaCTOJllI.\eH pa60Te HCCJIe.l:\yeTcJI rrpe.l:\eJIbHOe COCTOJlHHe CKpy'lHBaeMoro CTeplKHJI COCTOJllI.\erO H3 .l:\BYX
MaTepHaJIOB C pa3JIHlfHbIMH npe.l:\eJIaMH TeKy'lecTH. J-IcCJIe.l:\OBaHHe rrOKa3aJIO, 'ITO .l:\alKe :HOT rrpOCTOH
rrpHMep HMeeT .l:\eBJlTb pa3HbIX peweHHil: .l:\JIJI pa3HbIX 06JIaCTeil: 3HalfeHHH Tpex rrapaMeTpOB orrHCbIBaIOlI.\HX
HeO.l:\HOp0.l:\HOCTb, COOTHoweHHe pa3MepOB Ce'leHHJI Hero .l:\eJIeHHe.


